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Abstract. The design of effective optimization algorithms is always a hot research topic. An optimizer ensemble where any|
population-based optimization algorithm can be integrated is proposed in this study. Firsty th> oftimizer ensemble framework
based on ensemble learning is presented. The learning table consisting of the population mgmbuars of all optimizers is constructed
to share information. The maximum number of iterations is divided into several exchangeciterations. Each optimizer exchanges
individuals with the learning table in exchange iterations and runs independently iz=thevother iterations. Exchange individualg
are generated by a bootstrap sample from the learning table. To maintain a balancé, bétween exchange individuals and preserved
individuals, the exchange number of each optimizer is adaptively assigned accOwaing to its fitness. The output is obtained by,
the voting approach that selects the highest ranked solution. Second, an optumizer ensemble algorithm (OEA) which combines
multiple population-based optimization algorithms is proposed. The cofnpusational complexity, convergence, and diversity off
OEA are analyzed. Finally, extensive experiments on benchmark funfticas"demonstrate that OEA outperforms several state-of-
the-art algorithms. OEA is used to search the maximum mutual infermatiOn in image registration. The high performance of OEA|

1. Introduction

The design of effective optimization aigorithms is a
hot topic in the field of scientifis re¢search and engi-
neering applications [1-3]. Maay i'opulation-based op-
timization algorithms havetheon explored to solve op-
timization problems ovar tiye last few decades, such as
genetic algorithm (GA) [4], particle swarm optimiza-
tion (PSO) [5], and ant colony optimization (ACO) [6].

In general, population-based optimization algorithm
can be divided into three categories: evolution-based
algorithm, swarm-based algorithm, and physics-based
algorithm [7,8]. Evolution-based algorithm is inspired
by the concepts of evolution in nature [9,10]. The
most famous evolution-based algorithms are GA [11-
14], differential evolution (DE) [15,16], genetic pro-
eramming (GP) [17], and evolutionary programing
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cn

is further verified by a large number of registration results on reil ryniote sensing images.

Keywords: Optimizer ensemble, ensemble learning, populaticn-based optimization algorithm, image registration

(EP) [18]. Swarm-based algorithm simulates the intel-
ligent behavior of biology. The most popular swarm-
based algorithms are PSO [19,20], ACO [21], artificial
bee colony (ABC) algorithm [22], invasive weed opti-
mization (IWO) [23], cuckoo search (CS) [24], fruit fly|
optimization algorithm (FOA) [25], harmony search
algorithm (HSA) [26], and bat algorithm (BA) [27,
28]. Physics-based algorithm simulates the physical
rules in the universe. The most well-known physics-
based algorithms are gravitational search algorithm
(GSA) [29], ray optimization (RO) [30], black hole
(BH) [31], charged system search (CSS) [32], spirall
dynamics algorithm (SpDO) [33], water drop algo-
rithm (WDA) [34], and artificial chemical reaction op-
timization algorithm (ACROA) [35].

However, according to the no-free-lunch (NFL) the-
orem [36], no single algorithm can outperform all
others on every optimization problem. Efficiently de-
signed algorithms should specifically address the fea-
tures of the problems to optimize [37]. This study aims

to construct an ensemble of multiple population-base
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optimization algorithms, which can address reasonable
ranges of problem features and adapt to solve a wide
range of optimization problems.

Ensemble learning is a machine learning
paradigm [38]. There are numerous studies for con-
structing the ensemble which consists of a set of in-
dividually trained classifiers, such as neural networks
and decision trees [39]. Researchers have demon-
strated that ensembles can often perform better than
any single classifier [40]. The reason is that ensemble
methods combine multiple models to improve overall
performance [41].

Using the combination strategies in ensemble learn-
ing, this paper proposes an optimizer ensemble where
any population-based optimization algorithm can be
integrated. First, the population of an optimizer might
not provide sufficient information for searching the
global optimum. The learning table that consists of the
population members of all optimizers is constructed
to share information. Second, a single optimizer might
not be able to solve complex optimization problems.
The search mechanism simulating the natural phe-
nomenon might be imperfect, which results in the lo-
cal optimum entrapment. An optimizer ensemble al-
gorithm (OEA) that combines different search mecha-
nisms is presented to compensate for the imperfection.
Third, the search space of an optimizer might not cqii-
tain the global optimum. The maximum number of et
ations is divided into several exchange iteratioss when
optimizers exchange individuals with the Idarning ta-
ble.

This paper is organized as followge Section 2 is de-
wvoted to an introduction of relatedsworks. In Section 3,
the optimizer ensemble frameworkis provided. In Sec-
tion 4, OEA is introduced. Ja, Section 5, experimental
results are analyzed. The conclusions and future works
are presented in Sectiono.

2. Related works
2.1. Ensemble of algorithms/strategies

In real-word applications, each problem is charac-
terized by its features, such as problem dimensionality,
multi-modality, ill-conditioning, and dynamic behav-
ior. A single optimizer may easily fall into local optima
when solving complicated optimization problems [42,
43]. To solve a wide range of optimization prob-
lems, researchers have proposed hybrid algorithms
which combine multiple algorithms/strategies [44,45]

Memetic computing algorithm is a structure that con-
tains a main optimizer and one or more local search al-
gorithms [46—48]. In hyper-heuristics and portfolio al-
gorithms, a list of multiple optimizers is coordinated
by means of a heuristic rule or supervisory/adaptive
scheme [49].

In recent years, the ensembles of algorithms
strategies have been studied. Mallipeddi et al. [50]
proposed ensemble strategies with adaptive evolution-
ary programming. Wang and Li [51] designed a two-
stage based ensemble optimization evolutionary algo-
rithm to solve large-scale global optimization prob-
lems. Qu and Suganthan [52] constructed an ensemble
of constraint handling methods to tackle constrained
multi-objective optimizatior problems. Zhao et al. [53]
proposed a decompositigh-gased multiobjective evolu-
tionary algorithm withvar=tnsemble of neighborhood
sizes. Yu and Sugawthin [54] constructed an ensem-
ble of niching&igCsithms. Tasgetiren et al. [55] con-
structed an efysémole of discrete differential evolution|
algoritléms. Millipeddi and Suganthan [56] presented a
differential evolution algorithm with ensemble of pop-
ulaticn riembers. Mallipeddi and Suganthan proposed
a(DE with an ensemble of mutation and crossover
strategies and their associated control parameters [57].
Zhang et al. [58] proposed a novel way to design a
P system for directly obtaining the approximate so-
lutions of combinatorial optimization problems. Iacca
et al. [59] presented a novel population-based algo-
rithm combining two components with complemen-
tary algorithm logics. These ensembles mostly con-
sist of multiple evolution-based algorithms. More al-
gorithms/strategies cannot be integrated in the ensem-
bles. Furthermore, the combination strategies in most
ensembles are excessively complex, which results in a
significant increase in extra calculation.

According to NFL theorem [36], there is no algo-
rithm for solving all optimization problems. This is
the motivation of this study, in which an ensemble
of multiple population-based optimization algorithms
is presented to solve a diverse array of optimization
problems. To the best of our knowledge, there is no
literature which presents the ensemble of population-
based optimization algorithms. This study is the first
work to construct an optimizer ensemble where any
population-based optimization algorithm can be inte-
grated.

2.2. Ensemble learning

Ensemble learning methods train multiple learners
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to solve a machine learning task. An ensemble contains
a lot of learners called base learners. Base learners are
generated by a base learning algorithm that may be de-
cision tree or neural network. Ensemble learning meth-
ods have gained popularity because researchers have
demonstrated that the prediction performance of the
ensemble is usually better than that of a single learner
on a variety of problems.

Ensemble learning algorithms can generally be di-
vided into two frameworks: the dependent framework
and the independent framework. In the dependent
framework, the output of each learner affects the con-
struction of the next learner. In the independent frame-
work, each learner is built independently from other
learners [60].

The most influential dependent algorithm for build-
ing an ensemble is boosting algorithm [61]. Boosting
algorithm generates a set of learners sequentially [62].
The later learners focus more on the mistakes of the
earlier learners. The level of focus is determined by a
weight that is assigned to each training instance.

The most well-known independent algorithm is bag-
ging algorithm [63]. Bagging algorithm adopts boot-
strap sampling to obtain the data subsets for training
base learners. Each data subset is used to train a differ-
ent base learner of the same type [64]. The base learn-
ers’ combination strategy is majority vote [65].

In this study, bagging algorithm will be employci* &
combine multiple optimizers in OEA. Howeve,ai£¢r-
ent from bagging algorithm, the type of each base op-
timizer is different, and the base optimilze{s)are com-
bined by the highest ranked solution in*OEA.

3. Optimizer ensemble framuework

To construct an ensenible'of multiple optimizers, the
related concepts are defined. A population-based op-
timization algorithm is an optimizer. The ensemble is
homogeneous when the type of each base optimizer is
the same. Otherwise, the ensemble is heterogeneous.

Without loss of generality, this paper will refer to the
minimization problem of an objective function, which
is defined as

,xp]’ (1

where D is the dimension of the search space. In an
iteration, individuals from other optimizers may have
unexploited and unexplored positions that can help an
optimizer to search the global optimum, which leads to

min f(x),x = [z1, T2, . ..

3.1. Exchange iteration

The maximum number of iterations maxlter is di-
vided into ! blocks of iterations; the last of these iter-
ations is an exchange iteration when an optimizer ex-
changes individuals with the other optimizers. All iter-
ations are expressed by

iter=1[1,2,...,F1,1,2,... . Fs,....E] (2

where F; is the ith exchange iteration. The sum of all
exchange iterations is equal to the maximum number|
of iterations maxlter. The relationship between E; and
maxlter is as follows
l
maxlter = E; 3)
i=1

where [ is the exchdngefrequency. Note that the set-
ting of [ impacts‘he“hiformation exchange and com-
putational cos{ /When [ is large, there are lots of ex-
change iterations for information sharing. Neverthe-
less, the‘omputational cost is high due to the extra cal-
culat’onjin’exchange iterations.

1tNs“worth mentioning that the values of exchange
iterauons affect information exchange. In early iter-
ations, optimizers have not obtained good solutions,
which may lead to negative exchange. Meanwhile, the
search mechanism of each optimizer may be disturbed
when individuals are exchanged too early. In late iter-
ations, optimizers may get trapped into local optima,
and then the frequent exchange is helpful to avoid the|
local optimum and premature convergence. Thus, the
exchange iteration F; and exchange frequency [ are dy-
namically adjusted according to the maximum number|
of iterations maxlter in this study, which is presented
in Algorithm 1.

Algorithm 1: Calculation of the exchange iteration and ex-
change frequency.
Input: ¢, the threshold;
maxlter, the maximum number of iterations.

Output: F, the exchange iterations;
1, the exchange frequency.

i=1;

E1 = maxlter/2;

s=FE1;

while E; > t do
i =14 1;
E; = maxlter/(2 X i);
s =s+ Ej;

end

=1

E; = maxlter — s.

the scope of individual exchange among optimizers
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As shown in Algorithm 1, the first exchange itera-
tion is maxlter/2. Thus, each optimizer exchanges in-
dividuals in the late iterations when the iterations are
equal to or greater than maxlter/2. Since optimizers
may get trapped into local optima in late iterations, the
individual exchange can increase the population diver-
sity and enhance the search ability. It is unnecessary to
exchange individuals with the learning table when E;
is small. As a result, the threshold ¢ is set to ten.

3.2. Learning table

In an exchange iteration, multiple optimizers share
information and knowledge via the learning table
which consists of the population members of all opti-
mizers. Suppose that the ensemble consists of m opti-
mizers. In the ith exchange iteration E;, the population
of the jth optimizer is P;;, then the learning table Lt;
is defined as

Ltz = [PihPiQa"'aPim]T (4)

In an exchange iteration, each optimizer exchanges
its individuals with the learning table. The exchange
number of individuals significantly affects the infor-
mation communication of each optimizer. To keep the
convergence and search mechanism, more individuals
in the population should be preserved. In contrast,(to
enhance the global search ability, an optimizer sficula
exchange more individuals with the other ontimizers
that have better individuals. To maintain a balailce be-
tween exchange individuals and preseryedsridividuals,
the exchange number of each optimizes is adaptively
assigned according to its fitness.

Suppose that f; is the best fitd€sswef the ith optimizer
in an exchange iteration, apGy/V=is the population size
of an optimizer in the ensantble. Note that the popula-
tion size of each optimizerin the ensemble is the same.
Since the fitness difference among optimizers is large,
the best fitness of each optimizer is normalized as

h; = M (5)
(f Jj [ min)

NgE!

j=1
where h; is the normalized value of f;, and f,i, is
the minimum value of f. The optimization problem
is assumed to be a minimization problem in this pa-
per. Thus, to obtain more good individuals, the opti-
mizer with larger fitness should exchange more indi-
viduals with the learning table. To preserve more good
individuals, the optimizer with smaller fitness should

Hence, the adaptive exchange number of the ¢th opti-
mizer is expressed by

n; = round(ce”) (6)

where e is the natural logarithm base; c is the exchange
factor; round(-) is the rounding function. Since the
population size of an optimizer is greater than or equal
to its exchange number, the exchange factor ¢ should
be less than or equal to N/e. To share information suf-
ficiently, the exchange factor is set to N/e. The de-
nominator in Eq. (5) is zero when the best fitness of
each optimizer is the same. In this case, the exchange
number of each optimizer is set to round(N/e).

3.3. Voting approach

Voting approach coneeiws how the best solutions off
all optimizers are @s€d/in exchange iterations. In bag-
ging algorithmg=theé,combination strategy is a simple
majority votihgtEvery learner has the same weight on
the ovefall degision in majority voting.

Sinee the best fitness of each optimizer is different,
the.weigat should not be the same in the optimizer en-
scmble. In the optimizer ensemble, the best solutions
of all optimizers are sorted by their fitness values, and
che highest ranked solution is considered to be the over-
all decision. The proposed voting approach can reduce
the variance and output the global best solution ob-
tained by all optimizers in the worst case.

3.4. Multi-optimizer combination

In an exchange iteration, a base optimizer in the
ensemble interacts with the other optimizers via the
learning table. The multi-optimizer combination based
on ensemble learning is shown in Fig. 1.

It is clearly shown in Fig. 1 that multiple optimiz-
ers share information by exchanging individuals with
the learning table that consists of the population mem-
bers of all optimizers. Each optimizer exchanges indi-
viduals with the learning table in exchange iterations
and runs independently in the other iterations, which
can reduce the computational cost and make the com-
bination simple. A new population for each optimizer|
is composed of a part of the current population and a
bootstrap sample from the learning table. The output of]
all optimizers is obtained by the voting approach that
selects the highest ranked solution.

As shown in Fig. 1, the best individual of each op-
timizer is added to its population after the exchange

exchange fewer individuals with the learning table

with the learning table. Thus, the best solution of eac
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Fig. 1. Multi-optimizer combination in the optimizer enseiable.

optimizer is kept in the exchange iteration, which can
help to enhance the search ability. Different from the
crossover operation between two individuals [66], the
individual exchange with the learning table is a master-
slave mode that is more suitable for multiple optimiz-
ers to share information.

3.5. Ensemble construction

How to select an appropriate optimizer accarding
to the optimization problem is an important, s.ep for
constructing an effective ensemble. It ig \Or.hwhile to
mention that the global search abilitv ¢£ an ensemble
can be stronger than those of its Hasg vptimizers only
if optimizers in the ensemble gre difierent.

If all optimizers are idghtical; when an optimizer
gets trapped into local optirna, it is hard for the other
optimizers to obtain the global optimum because their
search mechanisms are identical. Therefore, to en-
hance the global search ability, the type of each opti-
mizer is different, and the ensemble is heterogeneous
in this study.

In optimization algorithms, the search process is fo-
cused on a balance between exploration and exploita-
tion. Hence, it is wise to combine the optimizer that
is good at exploitation with the optimizer that is good
at exploration. It is also conducive to select optimiz-
ers with different categories of population-based opti-
mization algorithms or optimizers with distinct charac-
teristics. In summary, to construct an efficient ensem-
ble, it is a good way to combine optimizers that are

4. Optimizer.ensemble algorithm
4.1. (OEA

In the proposed optimizer ensemble, each optimizer|
2xchanges individuals with the learning table in ex-
change iterations. Exchange individuals are generated
by a bootstrap sample from the learning table. The
exchange number is adaptively assigned to each opti-
mizer. Thus, the resulting algorithm is presented in Al-
gorithm 2.

In OEA, the maximum number of iterations is di-
vided into [ exchange iterations. First, m optimizers are
initialized by a set of random solutions. Second, each
optimizer runs independently when the current itera-
tion is less than the exchange iteration. Each optimizer|
exchanges individuals with the learning table when the
current iteration is equal to the exchange iteration. The
exchange number n; is adaptively assigned according
to Eq. (6). The population of the ith optimizer in the
exchange iteration is its initial population in the next
iteration. Finally, the best fitness g and its correspond-
ing position gx obtained by m optimizers are updated
according to f and fx. The best solution obtained byj
all optimizers is the overall output of OEA.

The ensemble strategy in OEA differs from bagging
algorithm. In bagging algorithm, a bootstrap sample|
with a fixed number is generated from the training set,
and base learners are combined by majority voting.
Nevertheless, in OEA, a bootstrap sample with adap-

competitive, distinct, and complementary

tive number is generated from the learning table, an
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Algorithm 2: The pseudo-code of OEA.

Input: E, the exchange iterations;
D, the dimension of the search space;
N, the population size of an optimizer;
[, the exchange frequency;
m, the number of optimizers.
Output: The best fitness g and its corresponding position gz
obtained by m optimizers.
fori =1:mdo
Randomly generate N individuals to initialize the <th
optimizer;

end
fork=1:1do
fori =1:mdo
forj=1:FE; —1do
The ith optimizer runs independently in the jth
iteration;
Compute the fitness of each individual in the
population;
Update the best fitness f; and its corresponding
position fx; of the ith optimizer;
end

end

fori =1:mdo

Normalize the best fitness f; using Eq. (5);

Compute the exchange number n; using Eq. (6);

The ith optimizer exchanges n; individuals with the
learning table;

end
Update the best fitness g and its corresponding position
gx obtained by m optimizers;

end

base optimizers are combined by the highest ranked sh-
lution. Moreover, the type of each base learyier 1susu-
ally the same in bagging algorithm, while/iye ensemble
is heterogeneous in OEA.

4.2. Computational complexity

It is difficult to solve large*scdie optimization prob-
lems when the computatienal cost of an algorithm is
too high. The computatiesial complexity of OEA can
be defined based on its implementation in Algorithm 2.

In OEA, the population size of an optimizer is N,
and the dimension of the search space is D. It takes
O(N x D) time to run an optimizer independently
in an iteration. In an exchange iteration, the calcula-
tion of the exchange number can be implemented in
O(N x D) time. Hence, the computational complexity
of m optimizers in each iteration is O(m x N x D).
According to Eq. (3), the sum of all exchange itera-
tions is equal to the maximum number of iterations
maxlter. In other words, there are maxlter iterations
in OEA. Therefore, the computational complexity of
OEA is O(maxlter x m x N x D), which is equal to
that of an optimizer with the population size of m x N

4.3. Convergence and diversity

The convergence and diversity of OEA are enhanced
by the following strategies:

1) The learning table consists of the population
members of all optimizers. Each optimizer ex-
changes individuals with the learning table. Thus
OEA can decrease the risk of local optimum en-
trapment and premature convergence by sharing
information among all optimizers.

2) The exchange number of each optimizer is adap-
tively assigned according to its fitness. The weak
optimizer exchanges more individuals with the
learning table, which can take more good so-
lutions from the othér eptimizers. The strong
optimizer exchanges fewer individuals with the
learning table~wiich can preserve more good
solutions. Tue” adaptive exchange number can
maintainfa’baiance between exploration and ex-
ploitatign:

3) Exchange individuals of each optimizer are se-
lacted randomly with replacement from the learn-
ing table. Hence, the diversity of exchange in-
dividuals is increased by injecting randomness.
Heterogeneous search mechanisms can produce
good solutions and various population members,
which is beneficial for the local optimum avoid-
ance and population diversity.

4) The voting approach that selects the highest
ranked solution can reduce the risk of selecting
the local optimum and enhance the search abil-
ity. The ensemble can output the best solution
obtained by all optimizers in the worst situation.

5. Experiment

To construct an efficient ensemble, it is conducive to
select optimizers with different categories of]
population-based optimization algorithms. DE, PSO,
and GSA belong to evolution-based algorithm, swarm-
based algorithm, and physics-based algorithm, respec-
tively. Thus, DE, PSO, and GSA are employed in
OEA (OEA-DPG). The algorithms have been tested on|
CEC2013 benchmark and image registration problem.
The detailed description of CEC 2013 can be found
in [67].

The experimental analysis has been structured as
follows. First, OEA-DPG is compared with its base op-
timizers and EPSDE, which is a DE with an ensem-
ble of mutation and crossover strategies and their as-
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sociated control parameters [57]. The exploitation and
exploration abilities of OEA are analyzed. Second, the
runtime of OEA-DPG is compared with that of its base
optimizers. Third, to investigate the construction of an
efficient OEA, different ensemble strategies are com-
pared. Finally, to further analyze the performance of
OEA, the algorithm is applied to image registration
problem which is a real-world application.

5.1. Experimental setup

In this study, the population size of each algorithm
is 150. For the sake of fair comparisons, the population
size of each algorithm is the same. Hence, the popu-
lation size of each optimizer in two-optimizer ensem-
ble is 75, and the population size of each optimizer in
three-optimizer ensemble is 50. The maximum num-
ber of iterations of each algorithm is 1000. The stop-
ping criteria used for terminating iterations is to stop
iterating when the maximum number is reached. If the
global best solution is not improved in 50 iterations,
then the iteration is stopped as well. According to Al-
eorithm 1, the exchange iterations are set to [500, 250,
125, 63, 32, 16, 14].

In PSO, the learning factors are 2, and the inertial
weight is decreased linearly from 0.9 to 0.2 over itera-
tions. In DE, the crossover rate is 0.9, and the mutatign
factor is 0.5. The mutation strategy is DE/rand/l¢ 7he
parameters of GSA and EPSDE are set accoiding’to
their original literature [29,57], respectively.(Alliexper-
iments are executed on an Intel(R) Core(Tiv)) 17-8700
@3.2 GHz CPU with 8 GB memory. The algorithms
are written in Matlab R2018a.

Without loss of generality, 2i ¢££ae algorithms are
run 30 times on each funstion.sThe average fitness
value (AVE) and standard,aayiation (STD) over the 30
available runs are comparen. Moreover, for each func-
tion, a statistical pair-wise comparison has been per-
formed by applying the Wilcoxon rank-sum test at the
5% significant level. In all the result tables reported in
this study, the symbols of “+”, “=" and “—" respec-
tively represent that the performance of OEA-DPG is
better than, similar to and worse than that of the cor-
responding algorithm. For each function, the first two
decimal places are considered, and the best average fit-
ness value is marked in bold.

5.2. Comparison with popular optimizers

There are 28 benchmark functions in CEC2013

functions are divided into three groups: unimodal func-
tions (F1-F5), multi-modal functions (F6-F20), and
composite functions (F21-F28). The unimodal func-
tion has only one global optimum, which makes it use-
ful for evaluating the exploitation ability. In contrast,
the multi-modal function has multiple local optima,
which makes it suitable for evaluating the exploration
capability. The composite function combines multiple
functions into a complex landscape, which can assess
the performance of optimization algorithms from dif-
ferent perspectives.

To analyze the exploitation and exploration abilities
of OEA, OEA-DPG is compared with its base optimiz-
ers and the ensemble algorithm EPSDE. Tables 1-3
display the comparison resuits on CEC2013 testbed in
10, 30, and 50 dimensions..cespectively. In each table,
the average, standa‘dsdeviation, and Wilcoxon rank-
sum test obtainea\by DE, PSO, GSA, EPSDE, and
OEA-DPG are'Zorapared.

It can be“sesn from Tables 1-3 that OEA-DPG out-
perfornissthe other optimizers on most functions, es-
pecially Jon the composite functions which are more
challonging. Although OEA-DPG has not obtained the
vest solution on some functions, OEA-DPG provides
che good solution that is competitive. The reason is that
OEA-DPG can make use of multiple search mecha-
nisms.

Numerical results show that DE obtains good solu-
tions on the majority of the unimodal functions, and
PSO and GSA perform well on the multi-modal func-
tions. Hence, the exploitation ability of DE is strong,
and the exploration abilities of PSO and GSA are
strong. OEA-DPG can take advantage of the algo-
rithms whose search mechanisms are distinct and com-
plementary, and hence OEA-DPG performs better on
most functions.

By employing Wilcoxon’s rank-sum test to analyze
the experimental results, some findings are given as
follows. OEA-DPG is better than DE, PSO, GSA and
EPSDE on 17, 21, 24 and 17 functions in the case ofi
D =10, 22, 18, 24 and 24 functions in the case of
D = 30, and 24, 18, 25 and 19 functions in the case
of D = 50. In contrast, OEA-DPG is only worse than
DE, PSO, GSA and EPSDE on 3, 0, 1 and 3 function(s)
when D = 10, 2, 4, 2 and 2 functions when D =
30, and 1, 5, 2 and 5 functions when D = 50. Thus,
the superiority of OEA-DPG is statistically significant,
which confirms that the proposed ensemble framework
is indeed effective

testbed, and the search range is [—100, 100]. These
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5.3. Runtime

To analyze the computational cost, the runtime of
OEA-DPG is compared with that of its base optimiz-
ers. The difference of runtime among the algorithms
is similar in 10, 30, and 50 dimensions on CEC2013.
Due to the page limit, the results in 30 dimensions are
selected for comparison. Figure 2 presents the average
runtime of DE, PSO, GSA, and OEA-DPG. In Fig. 2,
the horizontal axis represents the function, and the ver-
tical axis represents the average runtime in seconds.

As shown in Fig. 2, it is clear that OEA consumes
more time than its base optimizers due to the extra cal-
culation in exchange iterations. However, the runtime
of OEA-DPG is competitive with that of DE, PSO,
and GSA except for F9, F16, and the composite func-
tions. The reason is that there are only seven exchange
iterations for the individual exchange in OEA-DPG.
Each optimizer runs independently in the other itera-
tions. The runtime of OEA-DPG is large on the com-
posite functions due to the large runtime of DE and
PSO, which demonstrates that the computational cost
of extra calculation in OEA-DPG is low.

5.4. Analysis of ensemble strategies

Several ensemble strategies are designed in OEA o
promote its performance. To analyze the influenCe» of
the search mechanism in OEA, this paper compafes
heterogeneous ensembles with homogeneois énsem-
bles. The ensemble of DE, DE and DE (G£EA-DDD),
the ensemble of PSO, PSO and PSQ/{QEA-PPP), and
the ensemble of GSA, GSA and G&A, (OEA-GGG) are
compared with OEA-DPG. Thevaverage, standard de-
viation, and Wilcoxon rank,sanstest obtained by OEA-
IDPG and homogeneous etisembles are compared in Ta-
ble 4. Due to the page ¥mit, the results on CEC2013
testbed in 30 dimensions are selected for comparison.

As can be seen from Table 4, OEA-DPG is superior
to OEA-PPP and OEA-GGG on almost all functions,
and OEA-DPG is better than or similar to OEA-DDD
on the majority of functions. OEA-DDD performs well
on the unimodal functions because of the strong ex-
ploitation ability of DE. Compared with the base opti-
mizer in Table 2, the homogeneous ensemble of mul-
tiple optimizers has not improved the performance ob-
viously. The reason is that the search mechanisms of
base optimizers are identical in the homogeneous en-
semble. Due to the combination of different and com-
plementary search mechanisms, OEA-DPG is better
than OEA-DDD, OEA-PPP and OEA-GGG on 13, 24

and 26 functions, while OEA-DPG is only worse than|
OEA-DDD, OEA-PPP and OEA-GGG on 11, 2 and O
function(s).

In an exchange iteration, the exchange number of
each optimizer is adaptively assigned according to its
fitness in OEA. To analyze the influence of the adaptive|
exchange number, OEA-DPG with a fixed exchange
number (OEA-DPG-F) is compared. In OEA-DPG-FE|
the fixed exchange number of exchange individuals is
20. Table 5 displays the comparison result of OEA-
DPG and OEA-DPG-F on CEC2013 testbed in 30 di-
mensions.

As can be clearly seen from Table 5 that OEA-DPG
is better than OEA-DPG-F on 11 functions, and OEA-
DPG is similar to OEA-DPGWF on 17 functions. It is
worthwhile to mention thawthere is no function on
which OEA-DPG is wosse/ than OEA-DPG-F. These
results are mainly duestorthe fact that the adaptive ex-
change number _Con filaintain a balance between ex-
change indivicrals and preserved individuals. When
a fixed, exehange number is assigned to each opti-
mizer, t{e weak optimizer cannot exchange more indi-
vidu#is \with the other optimizers, and the strong op-
tipiizer-Cannot preserve more good individuals, which
deescases the global search ability. Hence, the perfor-
mance of OEA-DPG is higher than or similar to that
of OEA-DPG-F on all functions, which conforms the|
effectiveness of the adaptive exchange number.

5.5. Image registration problem

To further investigate the performance of OEA, the
algorithm is applied to solve image registration prob-
lem, which is a fundamental and crucial issue in re-
mote sensing image processing [68]. Mutual informa-
tion (MI) is a commonly used similarity measure in
image registration [69]. The larger the MI, the better
the registration [70]. According to the information the-
oretic notion of entropy, MI of images A and B can be
computed as

where H(A) and H(B) are the marginal entropies of

images A and B, respectively and H (A, B) is thein
joint entropy. These can be denoted as

H(A) == Pa(a)log,Pa(a) (8)

H(B) =~ Ps(b)log,Pps(b) )
b

H(Av B) = Z PAB(a7 b)10g2PAB(a7 b) (10)
a,b
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Table 4
OEA-DPG against OEA-DDD, OEA-PPP, and OEA-GGG on CEC2013 in 30 dimensions
Function OEA-DDD OEA-PPP OEA-GGG OEA-DPG
AVE STD AVE STD AVE STD AVE STD

F1 —1.40E4+03 1.53E—12 — —140E+4+03 2.78E—-01 + 3.87E+03 1.41E403 4+ —1.40E+03 9.79E—12
F2 1.73E+06 9.25E+05 — 2.37E4+07 8.54E+06 + 8.54E+07 6.20E+07 + 3.52E406 2.01E4+06
F3 2.17E+06 3.97E+06 — 1.64E4+09 1.19E+09 + 442E+14 7.18E+14 + 1.46E407 1.56E+07
F4 1.84E+04 4.01E4+03 — 7.63E4+04 2.26E+04 + 6.07E404 6.65E4+03 + 2.34E4-04 6.03E+403
F5 —1.00E+03 1.70E—08 — —9.99E4+02 6.58E—01 + 3.66E4+02 4.35E+02 + —1.00E4+03 5.69E—05
Fo6 —8.81E4+02 4.68E4+00 — —8.72E4+02 2.09E+00 + 8.99E4+01 3.23E402 + —8.78E+402 4.46E+00
F7 —7.96E+02 257E+00 — —7.21E402 227E4+01 + 2.71E404 3.17E+04 + —7.86E4+02 9.75E+00
F8 —6.79E+02 4.64E—02 = —6.79E+02 541E-02 + —6.79E4+02 695E—02 4+ —6.79E4+02 5.71E—02
F9 —5.64E+02 6.61E4+00 + —5.76E4+02 347E4+00 = —5.59E+02 2.83E400 + —5.77E+02 5.46E+00
F10 —5.00E+02 246E—02 — —4.73E4+02 1.35E4+01 + 6.74E4+02 3.53E+02 4+ —5.00E4+02 3.41E-01
F11 —2.92E+02 1.74E401 + —3.53E4+02 9.75E4+00 + 349E+01 6.66E4+01 + —3.79E4+02 1.14E+01
F12 —1.18E4+02 1.33E4+01 + —1.93E+02 298E+01 + 3.19E402 9.08E+01 + —2.63E4+02 2.38E-+01
F13 —7.64E+00 9.85E4+00 + —1.35E4+00 3.46E+01 + 4.92E+4+02 7.75E4+01 + —1.20E+02 3.57E401
F14 421E403 4.93E+4+02 + 1.75E+03 4.33E+02 — 3.77TE4+03 5.20E+02 - 2.16E403 4.58E+402
F15 7.60E4+03 241E+02 + 5.58E4+03 1.18E+03 + 4.72E4+03 6.89E+02... = 4.38E+03 547E+02
Fl16 2.03E402 4.03E—01 + 2.03E4+02 8.39E—-01 + 2.04E4+02 7.23B-0. - 2.00E4+02 5.11E—02
F17 4.46E+02 1.28E+01 + 4.42E4+02 2.14E4+01 + 7.16E402  6.77FE0L "+ 3.45E+02 4.31E+00
F18 6.15E4+02 1.54E+01 + 6.86E4+02 3.68E+01 + 891E+02 4258%01 + 4.72E4+02 1.44E+01
F19 5.14E4+02 1.43E+00 + 5.09E4+02 2.76E+00 + 422E4+03 _3.26E+03 + 5.05E4+02 1.69E-+00
F20 6.13E402 2.81E—-01 + 6.13E402 4.45E-01 + 6.15E4+020 /1.09E—01 + 6.12E+02 4.85E—01
F21 9.47E+02 5.07E+01 — 1.01E403 9.69E4+01 + 2.30E4-02 “ZU19E402  + 9.76E4+02 6.55E+401
F22 5.37E403 5.08E+02 + 2.86E4+03 4.90E+02 = G64E+0U5" 8.96E+02 + 2.84E+03 4.06E+02
F23 8.42E403 3.16E4+02 + 6.80E+03 9.54E+02 — 7.50E4+03  4.28E402 = 7.50E403 5.89E4-02
F24 1.21E4+03 9.63E+00 — 1.26E4+03 8.66E+00 + 1.50E403 9.05E+01 + 1.23E4-03 1.25E+01
F25 1.35E403 7.11E4+00 = 1.36E4+03 7.68E+00 + "54E+03 1.73E4+01 + 1.35E+03 7.15E+00
F26 1.42E+03 4.71E4+01 — 1.51E403  7.35E+01 [+ 1.62E4+03 7.21E4+01 + 1.44E4+03 6.18E+01
F27 1.92E+03 1.18E+02 = 2.19E403  9.76E+Lds, - 2.60E4+03 8.68E+01 + 1.96E4+03 1.43E+02
F28 1.70E4+03 4.29E-05 = 1.74E403 4.24E+21 |+ 6.25E4+03 3.94E+02 + 1.70E+03 2.03E—04

where a € A, b € B, Ps(a) and Pg(b) are the

Average Runtime(s)

N
o

-
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o
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o
T

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10F11F12F13F14F15F16F17F18F19F20F21F22F23F24F25F26F27F28

Function

Fig. 2. Runtime comparison of DE, PSO, GSA, and OEA-DPG.

marginal probability distributions of images A and B, transformation model can be formulated as
respectively, and P4 p(a, b) is the joint probability dis- o cosl —sind i .
tribution of images A and B [71]. 1 ¥
. . . . o Yy | = |sinf cosf t,| |y
The rigid transformation model is considered in this 1 0 0 1 1

study due to its wide applicability. The translations of

the x-axis and y-axis are denoted as t, and %, re-

spectively. The rotation is denoted as #. Then the rigid

(11)

Images registration based on MI is essentially a

617

618

619



620

621

622

623

624

625

626

Galley Proof 22/08/2019; 9:57

File: ica—1-ical90723.tex; BOKCTP/xjm p. 13

Table 5
OEA-DPG against OEA-DPG-F on CEC2013 in 30 dimensions

Function OEA-DPG-F OEA-DPG

AVE STD AVE STD
F1 —1.40E+03 227E—-11 4+ —1.40E4+03 9.79E—12
F2 3.71E4+06  1.49E+06 = 3.52E+06 2.01E+06
F3 1.20E+07 1.69E+07 = 1.46E4+07  1.56E+07
F4 2.50E4+04 5.84E+03 = 2.34E4+04  6.03E+03
F5 —1.00E4+03 2. 71E—06 = —1.00E4+03 5.69E—05
F6 —878E+02 442E+00 = —8.78E4+02 4.46E-+00
F7 —7.89E4+02 7.68E4+00 = —7.86E+02 9.75E+00
F8 —6.79E+02 6.76E—02 4+ —6.79E402 5.71E—02
F9 —5.78E+02 530E+00 =  —576E+02 5.46E+00
F10 —5.00E+02 2.73E—01 = —5.00E4+02 3.41E-01
F11 —3.63E+02 1.73E4+01 + —3.79E4+02 1.14E+01
F12 —2.36E+02 2.81E+01 + —2.63E+02 2.38E-+01
F13 —9.84E+01 3.57E401 + —1.20E402 3.57E+01
F14 2.42E4-03 5.45E+02 + 2.16E+03 4.58E-+02
F15 443E+03 544E+02 = 4.38E+03 5.47E+M
F16 2.00E4+02 5.87E—02 + 2.00E4+02 5.14E--02
F17 3.52E4+02 947E4+00 + 345E4+02  4.2'EN-uv
F18 4.86E+02 2.45E+01 + 4.72E4+02 %0401
F19 5.06E4+02 3.26E4+00 = 5.05E+02__ 1.6Y£+00
F20 6.12E4+02 4.94E—-01 = 6.12E+-02/ 14.85E—01
F21 1.01E4-03 1.02E+02 = 9.76E+92" 6.55E+01
F22 3.61E+03 7.61E+02 + 2I98E+uv3  4.06E+02
F23 740E+03 7.06E4+02 = /M0E403  5.89E+402
F24 1.23E403  1.11E+01 123E+03 1.25E+01
F25 1.35E4+03  6.62E+00 ¢ 1.35E+03  7.15E+00
F26 1.42E+03 5.10E+01 (= 1.44E403  6.18E+01
F27 1.96E4+03  1.72E+02%, = 1.96E+03 1.43E+02
F28 1.70E4+03  1.82E—3 | + 1.70E4+03  2.03E—04

©

(b)

(d)

Fig. 3. Remote sensing image pairs. (a) visible-SAR. (b) LiDAR-visible. (c) image-map. (d) infrared-visible.

optimization problem of searching for the optimal pa-
rameters t;, t,, and . The multi-modal remote sens-
ing images are used to test the algorithms, which are
shown in Fig. 3. Four types of multi-modal remote
sensing images are selected as experimental sets, in-
cluding visible-synthetic aperture radar (SAR), light

etection and ranging (LiDAR)-visible, image-map

and infrared-visible.

As shown in Fig. 3, for each image pair, the image
on the left is the reference image, and the image on the
right is the sensed image. There are obvious intensity,
translation and rotation changes between the reference
and sensed images. The images are captured by differ-
ent sensors, from different places, at different time, or

627

628

629

630

631

632

633



Galley Proof 22/08/2019; 9:57 File: ica—1-ical90723.tex; BOKCTP/xjm p. 14

Table 6
MI and RMSE comparison of DE, PSO, GSA, EPSDE, and OEA-DPG on image registration problem
Image pair DE PSO GSA EPSDE OEA-DPG

MI RMSE MI RMSE MI RMSE MI RMSE MI RMSE
a 0.1608 2.0244 0.1607 2.0533 0.1591 26129 0.1608 1.9678 0.1610 1.6433
b 04153 14929 0.3963 24615 0.4121 1.6200 0.4142 1.5485 0.4153 1.4927
c 0.2274 1.5519 0.2180 2.4443 0.2266 1.5539 0.2273 1.5528 0.2273  1.5525
d 0.2066  1.3480 0.1858 2.0916 0.2048 1.3942 0.2066 1.3477 0.2067 1.3439
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from different viewpoints, which can test the efficiency
and robustness of the proposed algorithm comprehen-
sively.

The root mean square error (RMSE) of check points
is used to evaluate the registration accuracy quanti-
tatively. In general, the check points are determined
manually. Specifically, for each image pair, 40-50
evenly distributed check points with subpixel accu-
racy between the reference and sensed images are se-
lected [72]. The smaller the RMSE, the higher the reg-
istration accuracy.

The upper and lower boundaries of the transforma-
tion parameters ., t,, and ¢ are set to [—100, —100,
—100; 100, 100, 100]. When the value of MI is larger
than 0.8, the image registration is considered to be
satisfactory, and hence the iteration is stopped. Since
the registration of remote sensing images is very time-
consuming, the algorithms are run once on each image
pair. Comparison results of the algorithms on image
registration problem are presented in Table 6.

It can be seen from Table 6 that RMSE ¢ CEA-
DPG is smaller than 2 pixels on each image flairfwhich
demonstrates that OEA-DPG handles trarislation and
rotation changes well and achieves gatisfactory regis-
tration. OEA-DPG is superior toiig ether algorithms
on image pairs a, b, and d. This is/mainly attributed
to the fact that OEA-DPG Masistionger global search
ability and obtains bettes, transformation parameters.
However, DE outperforims OEA-DPG on image pair
c. No algorithm outperforms the others on each image
pair, which is in accord with NFL theorem. Although
OEA-DPG is outperformed, it still obtains competitive
results. Thus, OEA-DPG is more suitable for solving
real-world optimization problems.

6. Conclusions

An optimizer ensemble where any population-based
optimization algorithm can be integrated is proposed
in this study. Multiple optimizers share information by
exchanging individuals with the learning table. Each

tions and runs independently in the other iterations.
The output is obtained by the voting approach that se-
lects the highest ranked solution. The proposed ensem-
ble benefits from the optimizer ensemble strategies,
such as the learning table, the heterogeneous search
mechanism, and the voting approach. The high perfor-
mance of OEA is confirmed/oythe empirical results on
CEC2013 benchmark andsiage registration problem.

OEA is significantlpci#ferent from other optimiza-
tion algorithms. Oflleyptimization algorithms mostly|
simulate the swarnyintelligence behavior or evolution-
ary process. Naveitheless, OEA is inspired by ensem-
ble learning+hat is a machine learning paradigm. Most
hybrid Cptimization algorithms combine two or three
diffefenvoptimizers, while more optimizers can be in-
terated into the ensemble in OEA.

The important feature that makes OEA unique from|
other ensembles of algorithms is that OEA can be
applied to any population-based optimization algo-
rithm, while other ensembles can only be applied to
evolution-based algorithm or swarm-based algorithm.
In most ensembles, each optimizer exchanges infor-
mation in all iterations. However, in OEA, each op-
timizer exchanges information only in exchange iter-
ations and runs independently in the other iterations.
Furthermore, different from the point-point mode of]
information sharing in other ensembles, the informa-
tion exchange between the learning table and optimiz-
ers is a master-slave mode in OEA.

In the future, the following directions will be inves-
tigated:

1) Although OEA performs well in most cases, the
performance of OEA algorithm mainly depends
on the selected optimizers. When the base opti-
mizers are improperly selected, the performance
of OEA is poor. It is suggested that OEA com-
bines optimizers that are distinct and comple-
mentary. Future work needs to be done to con-
struct efficient OEA.

2) Since OEA has shown impressive performance
in various optimization problems, OEA will be
applied to more real-word optimization prob-
lems, such as computer aided design (CAD), im-

optimizer exchanges information in exchange itera-

age segmentation, and video processing [73-79]
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3)

4)

The optimizer ensemble will benefit from the in-
tegration with deep learning methods [80-82].
Trained by the data in the previous iterations, a
deep network can generate good solutions for op-
timizers in the exchange iteration, which is help-
ful to enhance the performance of OEA. How-
ever, training a deep network is usually a very
time-consuming process [8§3—85], which needs to
be improved in OEA.

Since the proposed ensemble is compatible
with any population-based optimization
algorithm [86-90], OEA will be applied to multi-
objective optimization algorithms. To evaluate
each optimizer, a weighted sum fitness function
with a different weight vector will be constructed
in the ensemble of multi-objective optimization
algorithms.
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