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a b s t r a c t

In digital photogrammetry, corresponding points have been widely used as the basic source of information
to determine the relative orientation parameters among adjacent images. Sometimes, though, the conven-
tional relative orientation process cannot be precisely implemented due to the accumulation of random
errors or in the case of inadequate corresponding points. A new relative orientation approach with multiple
types of corresponding features, including points, straight lines, and circular curves, is proposed in this
paper. The origin of the model coordinate system is set at the projection center of the first image of a strip,
and all of the exterior orientation parameters, except u and x of the first image, are set at zero. The basic
models of relative orientation with corresponding points, straight lines, and circular curves are discussed,
and the general form of a least squares adjustment model for relative orientation based on multi-features
is established. Our experimental results show that the proposed approach is feasible and can achieve
more reliable relative orientation results than the conventional approach based on corresponding points
only.
� 2011 International Society for Photogrammetry and Remote Sensing, Inc. (ISPRS). Published by Elsevier

B.V. All rights reserved.
1. Introduction rors, linear features have been used in relative orientation (Heuvel,
Relative orientation is one of the most important procedures in
photogrammetry. It is traditionally implemented using a group of
well-defined corresponding points (Tang and Heipke, 1996; Zhang,
1998; Stewénius et al., 2006). However, with the ever-expanding
applications of photogrammetric technology, the conventional
procedure for relative orientation is unable to fulfill the require-
ments of various applications (Habib and Kelley, 2001). More fea-
tures, besides points, are necessary in order to perform relative
orientation and subsequent procedures (Heuvel, 1997, 1998; Smith
and Park, 2000; Nistér, 2004). Schenk (2004) proposed a novel
model of feature-based aerial triangulation. Habib et al. (2004) dis-
cussed the applications of linear features in photogrammetric
activities, such as resection, triangulation, image to image registra-
tion and surface to surface registration. A model of generalized
point photogrammetry (Zhang et al., 2008) was proposed which
uses more geometric features such as straight lines and circular
curves in photogrammetric applications. This model has been suc-
cessfully used in the areas of three-dimensional urban modeling,
industrial photogrammetry, and determination of the aircraft
attitudes.

In order to overcome the disadvantages of the conventional rela-
tive orientation approach, such as the accumulation of random er-
Society for Photogrammetry and R

nsing and Information Engi
han 430079, PR China.
1997; Habib, 1999; Smith and Park, 2000; Habib and Kelley, 2001;
Battha, 2004). It is easier to automatically extract linear features
than distinct points from imagery. In addition, images covering areas
with man-made objects are usually rich in linear features (Tommas-
elli and Lugnani, 1988; Kubik, 1991). Moreover, in the process of con-
structing a single strip free network using conventional relative
orientation based on feature points only, the strip is likely to be
bended due to the accumulation of random errors. However, relative
orientation based on linear and curved features other than feature
points can significantly reduce the strip bending problem owing to
the geometric constraints between these features. They can be incor-
porated into the mathematical adjustment model of relative orienta-
tion so that the redundancy can be increased and the geometric
stability can be enhanced (Habib et al., 2004).

Relative pose estimation is also an important topic in computer
vision communities. A new algorithm on computing the three-
dimensional path of a moving rigid object was proposed by
Laganière et al. (2006) using a pre-calibrated stereoscopic vision
instrument. Rahmann and Dikov (2008) proposed a linear
approach of relative orientation using two arbitrary circles. An algo-
rithm of automatic detection of a chessboard for camera calibration
and pose estimation with one circle as a probe was proposed by Ha
(2009). Wang et al. (2008) proved that the camera pose of an image
can be uniquely recovered with one circle or two general pairs of par-
allel lines under certain assumptions. Bundle-adjusted camera and
scene-feature positions were used by Warren et al. (2010) for dense
3D reconstructions of large scale environments from UAV images.
emote Sensing, Inc. (ISPRS). Published by Elsevier B.V. All rights reserved.
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A new relative orientation approach based on multiple types
of corresponding image features (i.e., straight lines, circles, and
points) is proposed in this paper. The mathematical model of rel-
ative orientation with multi-features is discussed in Section 2.
Several experiments are performed to verify the correctness
and to evaluate the performance of the proposed approach in
Section 3. Finally, conclusions are presented and future work is
outlined.

2. Mathematical model of relative orientation with multi-
features

Relative orientation is the process of determining the relative
baseline vector of two perspective centers and the relative rotation
angles of one image against the other of a stereo, which totally con-
sists of only five parameters if the camera interior elements are
known (Pan, 1999). The five parameters can be determined in sev-
eral ways, such as dependent relative orientation and independent
relative orientation (Mikhail et al., 2001). In this paper, the depen-
dent relative orientation strategy is chosen and thus the relative
orientation parameters are u;x;j;l; m (Habib and Kelley, 2001),
where u;x;j are the rotation angles and l; m the baseline param-
eters of the right image of a stereo pair. The baseline length Bx is
usually selected as the mean x-parallax of corresponding features,
and By ¼ Bx � l;Bz ¼ Bx � m.

In this paper, the origin of the model coordinate system is
set to be the projection center of the first image of a strip,
the Z-axis of the model coordinate system is set to be in paral-
lel with that of the world coordinate system, the X-axis is set to
be the same as the X-axis of the image coordinate system of
the first image, and the Y-axis is set to be perpendicular to
both the X-axis and Z-axis to form a right-hand rectangular
coordinate system. Therefore, the exterior orientation parame-
ters of the first image of a strip under the model coordinate
system should be (0, 0, 0, u;x, 0).

2.1. Model of relative orientation with straight line

A stereo pair is depicted in Fig. 1 with an object line l, two cor-
responding image lines ab and cd, and two perspective centers S1

and S2. Let P1 denote the plane defined by points S1, a and b; let
P2 denote the plane defined by points S2, c and d; and let
n1ðA;B;CÞ and n2ðA0;B0;C0Þ denote the normal vectors of P1 and P2,
respectively. Plane P1 should intersect plane P2 at the object
straight line l. The direction vector of the line l should be
nðBC 0 � B0C;A0C � AC0;AB0 � A0BÞ according to the intersection of
two planes.

Hence, if line l is a horizontal line,

AB0 � A0B ¼ 0 ð1Þ

and if line l is a vertical line,

BC0 � B0C ¼ 0; AC0 � A0C ¼ 0 ð2Þ
S1 S2

a 
b c

d

l

Fig. 1. Relative orientation with straight lines.
Based on the theory of planar vector, the following two equa-
tions can be obtained:

n1ðA;B;CÞ ¼
i j k

X1 Y1 Z1

X2 Y2 Z2

�������
�������¼ ðY1Z2�Y2Z1;X2Z1�X1Z2;X1Y2�X2Y1Þ

ð3Þ
n2ðA0;B0;C 0Þ ¼
i j k

X3 Y3 Z3

X4 Y4 Z4

�������
�������¼ðY3Z4�Y4Z3;X4Z3�X3Z4;X3Y4�X4Y3Þ

ð4Þ

When Eqs. (3) and (4) are substituted into Eq. (1), Eq. (1)
becomes

F1 ¼ ðY1Z2 � Y2Z1ÞðX4Z3 � X3Z4Þ � ðY3Z4 � Y4Z3ÞðX2Z1 � X1Z2Þ ¼ 0

ð5Þ

Similarly, Eq. (2) becomes

F2¼ðX2Z1�X1Z2ÞðX3Y4�X4Y3Þ�ðX4Z3�X3Z4ÞðX1Y2�X2Y1Þ¼0 ð6Þ
F3¼ðY1Z2�Y2Z1ÞðX3Y4�X4Y3Þ�ðY3Z4�Y4Z3ÞðX1Y2�X2Y1Þ¼0 ð7Þ

where ðX1;Y1; Z1Þ, ðX2; Y2; Z2Þ, ðX3;Y3; Z3Þ and ðX4;Y4; Z4Þ denote the
spatial auxiliary coordinates of the points a, b, c and d, which can be
calculated by the following equation.

X

Y

Z

2
64

3
75 ¼ R

x

y

�f

2
64

3
75 ð8Þ

where R¼
cosucosj�sinjsinxsinj �cosusinj�sinusinxcosj �sinucosx

cosxsinj cosxcosj �sinx
sinucosjþcosusinxsinj �sinusinjþcosusinxcosj cosucosx

0
@

1
A;

u;x;j the three rotation angles taking the Y axis as the primary
axis, ðX;Y;ZÞ the spatial auxiliary coordinates of a certain point with
image coordinate (x, y), f the focal length of the camera.

Eqs. (5)–(7) of corresponding lines can be used for relative ori-
entation instead of the conventional coplanarity equation used by
corresponding points. Because ðX1;Y1; Z1Þ and ðX2;Y2; Z2Þ are
known, ðX3;Y3; Z3Þ and ðX4;Y4; Z4Þ are functions of independent
parameters u;x;j and l; m, Eqs. (5)–(7) can be linearized accord-
ing to the Taylor series, so that three equations with the following
forms can be obtained:

F1 ¼ F0
1þðX1Z2�X2Z1ÞðX4Y3�X3Y4Þdu
þðY1Z2�Y2Z1ÞðX4Y3�X3Y4ÞdxþððY1Z2�Y2Z1ÞðY3Z4�Y4Z3Þ
þ X1Z2�X2Z1ÞðX3Z4�X4Z3ÞÞdj¼ 0ð ð9Þ
F2¼ F0
2þðX2Z1�X1Z2ÞðY3Z4�Y4Z3Þdu
þððX1Z2�X2Z1ÞðX3Z4�X4Z3ÞþðX1Y2�X2Y1ÞðX3Y4�X4Y3ÞÞdx
�ðX1Y2�X2Y1ÞðY3Z4�Y4Z3Þdj¼0 ð10Þ
F3¼F0
3þððY1Z2�Y2Z1ÞðY3Z4�Y4Z3Þ
þðX1Y2�X2Y1ÞðX3Y4�X4Y3ÞÞdu�ðY1Z2�Y2Z1ÞðX3Z4�X4Z3Þdx
�ðX1Y2�X2Y1ÞðX3Z4�X4Z3Þdj¼0 ð11Þ

where F0
i ði ¼ 1;2;3Þ is the approximate value of Fi which can be cal-

culated according to the corresponding equation using the approx-
imations of the relative orientation parameters, du;dx;dj are
corrections to the angular parameters of relative orientation.

Since the above equations contain angular parameters only, at
least two corresponding points are necessary to solve the five rel-
ative orientation parameters.
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Fig. 2. Relative orientation with circular curves.
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2.2. Model of relative orientation with a circle

Given a stereo pair, as depicted in Fig. 2, it contains an object
circle, two corresponding image circles, and two perspective cen-
ters S1 and S2. Two vectors from S1 intersect the left image circle
at points a and b and intersect the object circle at points A and B.
Another two vectors from S2 intersect the right image circle at
points c and d, and intersect the object circle at points C and D.
Here, we assume that the model coordinates of the four object
points A, B, C, and D are ðXp1;Yp1; Zp1Þ, ðXp2;Yp2; Zp2Þ,
ðXp3;Yp3; Zp3Þ and ðXp4;Yp4; Zp4Þ, respectively. Suppose that the
object circle lies in a horizontal plane with a certain height Zp.
Assuming the model coordinates of the circle center being
ðX0;Y0; ZpÞ and the circle radius being R, we obtain the following
two equations:

Zp1 ¼ Zp2 ¼ Zp3 ¼ Zp4 ¼ Zp ð12Þ
ðXpi � X0Þ2 þ ðYpi � Y0Þ2 ¼ R2; ði ¼ 1;2;3;4Þ ð13Þ

According to Eq. (13), the relationship between the coordinates
of the circles in the left and right images can be obtained and the
error equations can be established. Then, it is possible to solve
the relative orientation parameters by least square adjustment.

Assuming that the exterior orientation parameters of the left
image are known with the translation parameters being Xs1; Ys1,
and Zs1, the rotation parameters being u0;x0, and j0, and the un-
known translation parameters of the right image being Xs2;Ys2, and
Zs2, the rotation parameters are u;x, and j, then the components
of the baseline can be calculated as follows:

Bx ¼ Xs2 � Xs1; By ¼ Ys2 � Ys1 ¼ lBx; Bz ¼ Zs2 � Zs1 ¼ mBx ð14Þ

The model coordinates of the circle center can be calculated by
forward intersection as following:

N ¼ BxðZ02�mX02Þ
X01Z02�Z01X02

N0 ¼ BxðZ01�mX01Þ
X01Z02�Z01X02

X0 ¼ Xs1 þ Bxþ N0X02 Zp ¼ Zs1 þ mBxþ N0Z02

Y0 ¼ Ys1 þ lBxþ N0Y02 ¼ Ys1 þ 1
2 ðNY01 þ N0Y02 þ lBxÞ

ð15Þ

where ðX01;Y01; Z01Þ and ðX02;Y02; Z02Þ are the spatial auxiliary coor-
dinates of the corresponding points of the object circle center in the
left and right images, N and N0 are the point projection coefficients
of the left and right circle centers, l; m are the baseline components.

The points S1, a and A of the left image are collinear so we can
obtain the following equation:

ðX1;Y1; Z1Þ ¼ k1ðXp1 � Xs1; Yp1 � Ys1; Zp� Zs1Þ ð16Þ

then

Xp1 ¼ X1ðZp� Zs1Þ=Z1 þ Xs1; Yp1 ¼ Y1ðZp� Zs1Þ=Z1 þ Ys1 ð17Þ

Substituting Eq. (17) into Eq. (13), the following equation can be
obtained:
X1

Z1
ðZp� Zs1Þ þ Xs1 � X0

� �2

þ Y1

Z1
ðZp� Zs1Þ þ Ys1 � Y0

� �2

� R2 ¼ 0

ð18Þ

Similarly, points S2, c and C of the right image are also collinear.
We obtained the following equation:

X3

Z3
ðZp�Zs2ÞþXs2�X0

� �2

þ Y3

Z3
ðZp�Zs2ÞþYs2�Y0

� �2

�R2¼0 ð19Þ

where ðX1; Y1; Z1Þ and ðX3;Y3; Z3Þ are the spatial auxiliary coordi-
nates of points a and c, respectively.

According to Eqs. (18) and (19), the relationship between the
two images can be established as follows:

F ¼ X1

Z1
ðZp� Zs1Þ þ Xs1 � X0

� �2

þ Y1

Z1
ðZp� Zs1Þ þ Ys1 � Y0

� �2

� X3

Z3
ðZp� Zs2Þ þ Xs2 � X0

� �2

� Y3

Z3
ðZp� Zs2Þ þ Ys2 � Y0

� �2

¼ 0 ð20Þ

Substituting Eqs. (14) and (15) into Eq. (20) and expanding it
according to Taylor series, linearized error equation with the fol-
lowing form can be obtained:

F ¼ F0 þ
@F
@u

duþ @F
@x

dxþ @F
@j

djþ @F
@l

dlþ @F
@m

dm ¼ 0 ð21Þ

Different circles have different parameters ðX0;Y0; ZpÞ, so
ðX0;Y0; ZpÞ are expressed by the relative orientation parameters
and spatial auxiliary coordinates of image points corresponding
to the object circle center using forward intersection in order to
avoid too many additional parameters. Consequently, when calcu-
lating the partial derivatives of F with respect to the five relative
orientation parameters, the partial derivatives of X0;Y0 and Zp with
respect to the parameters should also be calculated.

During implementation, the image coordinates of the projected
circle center are obtained by using more than three image points to
fit an ellipse. Note that the spatial auxiliary coordinates of the cir-
cle center should be recalculated in iterations which are similar to
the calculation of the spatial auxiliary coordinates of the corre-
sponding points in the right image.

As we know, more observations could increase the redundancy
and thus ensure the stability and reliability of photogrammetric
adjustments (Triggs et al., 2000). Similar to points a and c, b and
d, all other point pairs on the circle can also be used to establish
the error equation in the form of Eq. (21).
2.3. Conventional model of relative orientation with point

According to the coplanarity condition that the two perspective
centers and two corresponding image rays lie in the same plane
(Mikhail et al., 2001), we could obtain the mathematical model
of conventional relative orientation:

qþX2Y2

Z2
N0duþ Z2þ

Y2
2

Z2

 !
N0dx�X2N0dj�BxdlþY2

Z2
Bxdm¼0

ð22Þ
q¼NY1�N0Y2�lBX ð23Þ

where, q is the y-parallax of relative orientation, ðX1;Y1; Z1Þ and
ðX2; Y2; Z2Þ the spatial auxiliary coordinates of corresponding image
points respectively, N and N0 the point projection coefficients of the
point pair, and du;dx;dj;dl;dm the corrections of the relative ori-
entation parameters.
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2.4. General model of relative orientation with multi-features

According to the mathematical models of relative orientation
based on corresponding straight lines, circles, and points, it is easy
to establish the combined adjustment model of relative orientation
based on multi-features in the following matrix form:

V ¼ BX � L; P ð24Þ

where V ¼

Vpoint

Vlline

Vvline

Vcircle

2
664

3
775, B ¼

Bpoint

Blline

Bvline

Bcircle

2
664

3
775, L ¼

Lpoint

Llline

Lvline

Lcircle

2
664

3
775, P ¼ diag

Ppoint

Plline

Pvline

Pcircle

2
664

3
775, X

is a vector of corrections to the relative orientation parameters,
Bpoint ;Blline; Bvline and Bcircle are the coefficient matrixes of the error
equations established based on the corresponding points, horizon-
tal lines, vertical lines, and circular curves, respectively, Lpoint ;

Llline; Lv line and Lcircle are constant items of the corresponding features
which can be calculated by observations and the approximations of
the unknowns, Ppoint ; Plline; Pvline and Pcircle are the weight matrixes of
the corresponding observations.

In the process of solving the relative orientation parameters, the
above weight matrixes can be determined according to the accu-
racy, reliability and the number of redundant observations of each
type of features. If the accuracy of the lines and circles is higher and
the number of redundant observations is less than those of points,
the weights of these two kinds of features should be larger than
that of the points in order to overcome the strip deformation prob-
lem; otherwise, the strip may deforms significantly. Therefore, it is
important to select approximate weights for all features in order to
achieve a better relative orientation result.

Additionally, when constructing the free network of strips,
using zero as the approximate values of the angular elements of
the first image may lead to a bad relative orientation result if their
true values are not close to zero. Therefore, it is first necessary to
calculate the rotation angle of the first image as follows: (1) mea-
sure a certain number of vertical lines in the image and calculate
Fig. 3. The distribution of corresponding features of a stereo pair. Lines are correspond
crosses are corresponding points.
the coordinates of the image nadir point by least squares adjust-
ment; (2) let the angle j ¼ 0, then calculate the values of u and
x using anti-transform of the formula used to calculate the image
nadir point coordinates (Heuvel, 1998). Since the nadir point con-
straint is utilized, the angular parameters of the first image are al-
ready spatially recovered. Therefore, due to the geometric
constraints of the features, such as horizontal lines and vertical
lines, the total strip is expected to be approximately horizontal also
after all of the images are relatively orientated, although there may
be some errors in the observations.

3. Experiments and discussions

The correctness and performance of the proposed relative ori-
entation approach will be tested with a set of digital low-altitude
images. All images are taken by a pre-calibrated Kodak Pro SLR dig-
ital camera with 4500 pixels � 3000 pixels image format and
0.008 mm physical pixel size. The focal length of the camera is
24.3355 mm. Four experiments are performed to evaluate the pro-
posed approach. The initial values of all the relative orientation
parameters in each experiment are set to be zero.

In the first experiment, three corresponding horizontal lines,
three corresponding vertical lines, and ten corresponding points
obtained from a stereo pair at the middle of a strip are used to ver-
ify the correctness and feasibility of the proposed model of relative
orientation with straight lines. The known rotation angles of the
left image are u0 ¼ 0:006330 rad, x0 ¼ �0:094454 rad, and
j0 ¼ 0:284277 rad, respectively. In the second experiment, the test
data containing four corresponding image circles and nine corre-
sponding points obtained from a stereo pair at the end of a strip
are used to verify the correctness and feasibility of the proposed
model of relative orientation with circular curves. The known
rotation angles of the left image are u0 ¼ 0:011419 rad,
x0 ¼ �0:039956 rad, and j0 ¼ 0:286259 rad, respectively. In the
third experiment, there are three corresponding horizontal lines,
three corresponding vertical lines, four corresponding circles, and
ing horizontal and vertical lines, stars are the centers of corresponding circles, and



Table 1
Results of relative orientation obtained by corresponding straight lines and points with different approaches.

Strategy of relative
orientation

Test data (the number of horizontal
lines, vertical lines, points)

Results of relative orientation
(rad/dimensionless)

Precision Times of
iterations

RMSE of unit
weight (mm)

RMSE of unknown parameters
(rad/dimensionless)

Conventional
relative
orientation

(0, 0, 10) u ¼ 0:047072 0.001534 0.000132 6
x ¼ �0:105888 0.000088
j ¼ 0:268811 0.000062
l ¼ 0:100167 0.000587
m ¼ �0:032009 0.000246

The proposed
approach

(3, 3, 10) u ¼ 0:047071 0.001211 0.000104 5
x ¼ �0:105890 0.000070
j ¼ 0:268798 0.000049
l ¼ 0:100195 0.000464
m ¼ �0:032015 0.000194

(3, 0, 4) u ¼ 0:048222 0.003586 0.000834 5
x ¼ �0:105458 0.000509
j ¼ 0:268035 0.000360
l ¼ 0:098993 0.003069
m ¼ �0:035023 0.001793

(0, 3, 4) u ¼ 0:047952 0.002366 0.000839 5
x ¼ �0:105610 0.000404
j ¼ 0:268247 0.000399
l ¼ 0:099660 0.002202
m ¼ �0:034303 0.001912

(3, 3, 4) u ¼ 0:048171 0.002373 0.000437 5
x ¼ �0:105468 0.000303
j ¼ 0:268017 0.000187
l ¼ 0:099005 0.001907
m ¼ �0:035008 0.000940

Table 2
Results of relative orientation obtained by corresponding circles and points.

Strategy of relative
orientation

Test data (number of
circles, points)

Results of relative orientation (rad/
dimensionless)

Precision Times of
iterations

RMSE of unit
weight (mm)

RMSE of unknown parameters (rad/
dimensionless)

Conventional relative
orientation

(0, 9) u ¼ �0:000108 0.001109 0.000145 5
x ¼ �0:070919 0.000098
j ¼ 0:235705 0.000059
l ¼ 0:019486 0.000617
m ¼ 0:036702 0.000226

The proposed approach (4, 9) u ¼ �0:000185 0.001090 0.000131 3
x ¼ �0:070984 0.000089
j ¼ 0:235727 0.000051
l ¼ 0:019867 0.000554
m ¼ 0:036744 0.000199

(4, 1) u ¼ �0:000242 0.000958 0.000236 4
x ¼ �0:071143 0.000162
j ¼ 0:235764 0.000096
l ¼ 0:020829 0.000983
m ¼ 0:036824 0.000413
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nine corresponding points obtained from the same stereo pair as
the second group. The distribution of the features of the third
experiment is shown in Fig. 3. Lines in Fig. 3 are corresponding hor-
izontal and vertical lines, stars are the centers of corresponding cir-
cles, and crosses are corresponding points. They are used to verify
the feasibility and advantage of the proposed approach with multi-
ple types of features. In the last experiment, a set of corresponding
horizontal lines, vertical lines, circular curves, and corresponding
points are obtained from a strip with 22 images. There is no outlier
in all of these observations since they are interactively checked.
They are used to verify the effectiveness of the proposed relative
orientation approach on reduction of the strip bending problem.
In the following experiments, the unit of u, x and j is radian,
the unit of root mean square errors (RMSE) is millimeter, while l
and m is dimensionless because the unit of Bx is millimeter.
3.1. Relative orientation with straight lines and points

The results of the first experiment in Table 1 show that, when
compared to the conventional relative orientation approach using
ten corresponding points only, the proposed relative orientation
approach using three corresponding horizontal lines, three corre-
sponding vertical lines, and ten corresponding points not only en-
sures the validity of relative orientation results, but also slightly
improves the RMSE of both the unit weight and the unknowns. Ta-
ble 1 also shows that the proposed approach based on both corre-
sponding straight lines and corresponding points can obtain
reasonable relative orientation results even in the case that not en-
ough corresponding points are available and the conventional
point-based relative orientation cannot be implemented. For
example only four corresponding points are used for the last three



Table 3
Results of relative orientation obtained by corresponding straight lines, circles and points.

Strategy of relative
orientation

Test data (number of horizontal lines,
vertical lines, circles, points)

Results of relative orientation
(rad/dimensionless)

Precision Times of
iterations

RMSE of unit
weight (mm)

RMSE of unknown parameters
(rad/dimensionless)

Conventional
relative
orientation

(0, 0, 0, 9) u ¼ �0:000108 0.001109 0.000145 5
x ¼ �0:070919 0.000098
j ¼ 0:235705 0.000059
l ¼ 0:019486 0.000617
m ¼ 0:036702 0.000226

The proposed
approach

(3, 3, 4, 9) u ¼ �0:000152 0.001028 0.000119 4
x ¼ �0:070944 0.000083
j ¼ 0:235757 0.000047
l ¼ 0:019602 0.000513
m ¼ 0:036778 0.000187

(3, 0, 4, 1) u ¼ �0:000219 0.001424 0.000284 5
x ¼ �0:070841 0.000195
j ¼ 0:235873 0.000111
l ¼ 0:018919 0.001177
m ¼ 0:036792 0.000540

(0, 3, 4, 1) u ¼ �0:000177 0.001289 0.000284 5
x ¼ �0:070850 0.000176
j ¼ 0:235861 0.000109
l ¼ 0:018961 0.001065
m ¼ 0:036863 0.000518

(3, 3, 4, 1) u ¼ �0:000180 0.001251 0.000247 5
x ¼ �0:070848 0.000171
j ¼ 0:235866 0.000097
l ¼ 0:018958 0.001034
m ¼ 0:036855 0.000472

Table 4
Results of single strip relative orientation obtained by points and multi-features.

Image Conventional relative orientation with points only Relative orientation with multi-feature

Translation parameters (mm)
ðXs;Ys; ZsÞ

Rotation parameters (rad) ðu;x;jÞ Translation parameters (mm)
ðXs;Ys; ZsÞ

Rotation parameters (rad) ðu;x;jÞ

1 0.000 0.000 0.000 0.00966 �0.08118 0.00000 0.0000 0.000 0.000 0.00966 �0.08118 0.00000
2 4.345 �1.200 �0.061 0.00077 �0.06078 �0.07855 4.345 �1.257 0.141 0.01672 �0.06232 �0.07383
3 8.502 �2.343 �0.247 �0.04123 �0.08126 �0.05758 8.502 �2.365 0.188 �0.01650 �0.08559 �0.05280
4 12.282 �3.287 �0.668 �0.07160 �0.06564 �0.00592 12.282 �3.323 0.049 �0.02230 �0.07447 0.00404
5 16.380 �4.405 �1.112 �0.06480 �0.04924 �0.07085 16.380 �4.395 �0.009 0.00069 �0.06157 �0.05654
6 21.227 �5.930 �1.647 �0.08651 �0.06641 �0.08027 21.227 �5.774 �0.005 �0.00110 �0.08684 �0.06624
7 25.488 �7.140 �2.294 �0.12400 �0.09708 �0.00577 25.488 �6.921 �0.078 �0.01280 �0.12462 0.00651
8 29.746 �8.031 �3.011 �0.11715 �0.00455 �0.09265 29.746 �7.947 �0.094 0.02971 �0.03068 �0.07527
9 34.608 �10.190 �3.872 �0.20452 �0.03251 �0.05130 34.607 �10.138 0.104 �0.03370 �0.06629 �0.04482
10 37.246 �11.056 �4.667 �0.21767 �0.06895 0.00401 37.246 �11.041 �0.111 �0.03000 �0.10417 0.00832
11 42.291 �12.259 �6.153 �0.21227 �0.05926 �0.00091 42.291 �12.357 �0.344 0.02148 �0.10011 0.00778
12 48.327 �13.406 �7.825 �0.23463 0.03671 �0.09559 48.327 �13.731 �0.222 0.03028 0.00109 �0.09056
13 52.474 �14.566 �9.063 �0.33018 �0.00937 �0.05142 52.474 �14.893 �0.077 �0.04480 �0.04749 �0.06435
14 55.079 �15.391 �10.161 �0.35132 �0.03549 0.01400 55.079 �15.659 �0.235 �0.03110 �0.08670 �0.00032
15 59.579 �16.227 �12.264 �0.34403 0.00072 �0.02871 59.579 �16.894 �0.524 0.01959 �0.04575 �0.04030
16 64.959 �17.575 �14.835 �0.37893 0.02174 �0.07239 64.959 �18.232 �0.728 0.00790 �0.02882 �0.08747
17 69.429 �18.611 �17.451 �0.45456 �0.01527 �0.03294 69.429 �19.586 �0.871 �0.00660 �0.06693 �0.06977
18 71.718 �19.241 �18.754 �0.43060 �0.05376 �0.00036 71.718 �20.158 �0.946 0.00510 �0.10530 �0.02199
19 75.629 �20.274 �20.941 �0.36981 0.01703 �0.04603 75.629 �21.217 �0.943 0.05332 �0.02853 �0.04105
20 81.974 �22.392 �23.586 �0.43237 �0.03062 �0.04614 81.974 �23.210 �0.609 0.02102 �0.08393 �0.05767
21 84.821 �23.258 �25.069 �0.44855 �0.05731 0.02285 84.821 �24.017 �0.558 0.00486 �0.11116 0.00654
22 89.184 �23.816 �27.564 �0.45254 �0.00105 �0.00068 89.184 �24.816 �0.660 0.03841 �0.05459 �0.01401
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tests in Table 1, and the RMSEs of the unit weight of the five tests in
Table 1 are all smaller than one-half of a pixel. So the proposed ap-
proach can somewhat solve the relative orientation problem of ste-
reo images lacking enough corresponding points but with obvious
feature lines. However, one should use as many observations as
possible in order to enhance the reliability of the relative orienta-
tion in actual applications.
3.2. Relative orientation with circles and points

As shown in Table 2, the results of the second experiment indi-
cate that the proposed mathematical model of relative orientation
with circular curves and points can achieve slightly better relative
orientation results with higher stability and accuracy than those
obtained by the conventional approach with nine corresponding
points only. As can be seen from the last test in Table 2, a satisfied
relative orientation result can still be obtained by combining four
corresponding circles and only one corresponding point. However,
this observation does not mean that the fewer the points used, the
better the results achieved. Although the RMSE of the unit weight
increases while the number of observations decreases, the RMSE of
the unknown parameters increases reversely. In general, the more
observations utilized, the higher are the reliability and accuracy of
the results.
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Fig. 5. Relative orientation elements Phi (u) obtained by the two approaches.
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Fig. 4. Relative orientation elements Zs obtained by the two approaches.
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3.3. Relative orientation with multi-features

The results of the third experiment, shown in Table 3, indicate
that the proposed relative orientation approach based on multi-
features is feasible and can improve the accuracy and reliability
of relative orientation. Since more features are employed in rela-
tive orientation, the required number of feature points is signifi-
cantly less. For example, very good relative orientation results
can be obtained with three to four corresponding lines and circles
and only one corresponding point. In a case where the relative ori-
entation accuracy requirement is not very high, relative orientation
can be implemented without corresponding points if there are en-
ough evenly distributed corresponding circles and straight lines.

The relative orientation elements of each image obtained by the
proposed approach and the conventional approach of the last
experiment are shown in Table 4. The exterior orientation param-
eters of the first image are identical for both approaches. Compar-
isons of the achieved elements Zs and Phi (i.e., u) of the two
approaches are shown in Figs. 4 and 5, respectively. It is clear that
the elements Zs and u of the conventional approach are closely
correlated. The strip is seriously bended due to the accumulation
of random errors. We think that this problem is mainly caused
by two reasons: the first is that only 9–10 points are used for rel-
ative orientation; and the second is that although the camera is
pre-calibrated, there are still some small residuals of lens distor-
tions. However, the proposed relative orientation approach based
on multi-features can significantly reduce the strip bending prob-
lem since the leveling and vertical constraints are used to establish
the mathematical model.

As mentioned in Section 2.4, the approximate weights of the
observations significantly influence the results of relative orienta-
tion. In this paper, the approximate weights of the lines and circles
are manually set to be 2.0, while they are 1.0 for the point
observations. Actually, the achieved relative orientation results
are similar when the weights of lines and circles are in the range
of 1.5–3.0. However, the results worsen if the weights of the lines
and circles are set smaller than 1.0 or larger than 3.0.

4. Conclusions

In this paper, the problem of conventional relative orientation
was discussed and a new approach based on multi-features was
proposed in this paper. The experimental results show the
advantages of the new approach over the conventional method
in robustness, reliability, and availability. Enhanced performance
is achieved by the increased redundancy of the line and circular
features, which are automatically extracted from digital imagery
and combined with feature points to solve the parameters of rela-
tive orientation. By utilizing the horizontal and vertical constraints,
the proposed approach can effectively reduce the strip deformation
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problem caused by the accumulation of random errors in the con-
ventional relative orientation that is based solely on corresponding
points. However, the proposed approach uses only horizontal
straight lines, vertical straight lines, circular curves, and points so
it is unsuitable for the relative orientation of stereo images with in-
clined straight lines and general curves, which are future work to
be further investigated.
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