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Abstract : A flexibe camera cdibration technique usng 2D
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equation of prindpd line under image coordinate sysem repre-
sented with 2D-DL T parameters is educed usng the corregpon-
dence between aollinearity equationsand 2D-DL T. A rnove dgo-
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bration dgorithm with bunde adustment is addressed. Very
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and red data cdibration. The cdibration resut can be used in
me high predgon goplications, such as reverse eng neering and
indugtrid ingection.

Key words: camera cdibration; 2D-DLT; bunde adud-
ment ; planar grid; criticd nmotion ssquences; lens dortion
CLC number: TP391, P23

Received date: 2002 10-22

Foundation item: Supported by the Ressarch Foundation of Doctord
Postion Seddity of Universties (20010486011)

Biography: Zhang Yongjun (1975) , mde, Ph. D. , ressarch drec
tion: dgtd photogrammetry and cormputer vison. Emal: yjzhang @
supresoft. com. cn

1090

0 Introduction

dibration of camerasis a prerequiste for the extraction of

predi e three-dmengond irformation from imagery in pho-
togrammetry , computer vison, robotics and other areas. Much
work has been done in the photogrammetry community!**! | and
more recently in computer visonl* !, A number of auto-cdibrar
tion goproaches based on active-vison technique have been ad-
dreseed by computer vison communities, but many of them need
rorrlinear optimization which takes more time than linear onesor
camera motions need to be partly known!®' . In ome cases, the
resit of auto-cdibration can not be determined uniqudy , which
d:‘ftlarsfrom the true vdue remarkadly even with low noise lev-
al®l,

Faugeras proposed a camera sdf-cdibration technique based
on epipolar trandormation and Kruppa equations ™. Bill Triggs
deveoped a Hf-cdibration technique from at leas 5 views of a
planar <ené®! | but this techrigue has difficuty to initidize.
Zhang put forward a camera cdibration technique for planar scenes
based on the orthorormd property of the rotation matrix , and
precision of about 0.35 pixel isobtaned!®! .

Direct Linear Trandormation (DL T) is developed by Abdd-
Aziz and Karara. 3D-DL Tiswiddy used for camera cdibration!®!
in the literature, but no 2D-DL T-based cdibration pgper has been
published , manly because camera cdibration is not an active area
in Photogrammetry communities. Arother reason is computer vi-
gon researchers are not familar with DL T. This paper mainly fo-
cuseson camera cdibration technique usng 2D-DL T and oollinear-
ity equations with planar scenes. The equation of prinapd line
under image coordinate sysem repreeented by 2D-DL T parame-
tersisworked out usng the corres pondence between collinearity
equationsand 2D-DL T. Initid vaue of prindpd point can be ob-
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taned with at leas two equations of prindpd lines.
The practicd decompostion dgorithm of exterior par
rameters ugng intid vaues of prindpd point, focd
length and 2D-DL T parameters is dscused. Hanar
ene camera cdibration dgorithm with bunde adug-
ment is addressed.

1 2D-DLT and Initial Values

2D-DL T can be written ad ®!

WX+ hY+h
T X+ hgY+1
he X + g Y + b 0
Y= X+ hgyY+1
where H=(hy, hp, hs, hu, hs, he, hy, hg) Tisthe

trandormation parameters equivdent to homogrgphy
matrix up to a e factor when taken 1 as the ninth
dement, X, Y the gpace point under world coordinate
sygem (Z=0), x,y the correspond ng image point .
Gven an image of modd plane, the vdues of
trandormation parameters can be etimated by AH =

0. The lution isthe right anguar vector of A asaated with
the smdles gngular vdue. Inorder to diminate the influence of
outlierswhich may be introduced by miss match of image points
and the corregponding modd points, the parameters can be refined
with an iterative least- syuares method ter linearise Eq. (1) .

The modly used collinearity equations in photogrammetry
can be written as ™!

e A X bYW ra(z: 2)
aB(X- X) + (Y- Y) +(Z2- Z)
@ X s b(Ye ) oz 2)
Yol = T ag(X- %) +be(Y- Y) +c(Z- Z)
(2)

where Xo, Yo, f aetheinterior parameters, Xs, Ys, Z the pos-
tionof camera, X, Y, Z the gace point under world coord nate
sysem (Z =0 for planar grid) , x,y the corregponding image
pointand R={a,h,q,i=1,2,3} the rotation matrix com-
posed of three rotation anges ¢,w K.

When the same coordinate sysemischoosed , Eg. (2) can be
written as

(f%—%xj X+(f%-%X0 Y+(XO )\(alxs"'ble"'ClZs)]
-%X-%Y+1
©)
(f% %y(l X"‘(f% %YJ Y+(y0'xf_(a2xs+b2Ys+CZZs)]
y:
&, b
-}\X-)\Y+1
whereA = (ag Xs+ bs Yo + G3 Z) . h = a3
Comparing Eq. (1) with Eg. (3) , we have T @
hl—f%-%XO hs:-xb3
b fL}l g @ From Eq. (4) , Eg. (5) and Eg. (7) , we obtan the
R S Xo following equations
h4=f§2-gayo hy - hz X :_al
A A 5 f A ®
P e ho- hexo) Iy
5N TP L f )
e = Xo- 3 (@ X+ by Y+ 1 2) ool 22
(6) 9
o = yo- 3 (2% * b Yo+ ©22) Lﬁ$M@=%
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- h =
(10

& >y

- h8 = )\
Multiplying the upper and lower partsof Eqg. (8) , Eg.
(9) and Eq. (10) regectivdy, conddering ag by + ap by +
agb3 =0, if the prindpd point ( xo, Yo) is known or ob-
tained with certan goproaches, the focd length can be ob-
taned asfollows
f=[- (hi- h7xo) - (h- hgxo)

-(m-mw%(m-mwriwmmm
Sdf-mdtiplying each itemsof Eq (8) ; Eq 9) an
Eq. (10) , taking & + a3 + & =1, b1+b2+b3=1|nto
aooount , and cancding out A, we obtan

[(hy - h7%o)% - (hy - hg Xo)?
+(hy- hryo)? - (hs - hgyo)?]f 2
+(h5- 1) =0 (12

Focd length f can be cancded out usng Eg. (11) and
Eg. (12) , then we have

Fo=(hihg - hohy) (hohy - 0% xo+ hohg - G xo)
+ (hahg - hshy) (hahy - Hoyo + hshg - hg yo)
-0 (13)

In mog cases, as we know , the prindpd point is dif-
ferent from image center. There are 9 interior and exterior
parameters (f, Xo, Yo, ?,0 K, Xs, Ys, Z) of a camera
when lens d gortion, skew and agect ratio areignored. Ob-
vioudy , these 9 parameters can not be decomposed uniquely
from the 8 parametersof 2D-DL T. Theoreticaly , the prin
dpd point (xo,Yo) can movefredy on the principd line of
image, proof is gven in gopendx A.

Eg. (13) can d® be writtenin theformaf (L, L) -
(Xo,Y0) " = Le. Aswe krow , the prindpd point dways
lieson the prindipd line of image!? , @ if we have at least
two nonparald prindpd lines, the prindpd point ( o, Yo)
can be obtained by lve the over-ddfinite linear equation L X
=C.

Note that we shoud awid the $-cdled Criticd Motion
Squences (CMS) 1% 2D-DL T parameters anmong images
are linearly corrdated in the cae of images taken with a
fixed camera while the planar grid is rotating around its Z
axis All the prindpd lines actudly overlgp each other in
such cases, 9 the prinapd point can not be obtained from
these lines. In practice, weonly need to change the orientar
tion of camerafrom one sngoshot to another when the table
turns around its Z-axis. Proof of CMSis given in gopendix
B.
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After 2D-DL T parameters, focd length and prinapd
point are determined, the initid vaues of camera exterior
parameters can be decomposed asfollows.

ReplaceA in Eg. (8) and Eg. (9) with which derived
from Eg. (10) , we have

:

fhy
hz - X
fhg

fhy

E

fhg
+ 15+ b3 =1, we can obtan b3 =

> from Eq. (14) .

Sl ol sl ol

Congdering

N

(ho- haxo)® (hs- hgyo)
2 hg % hg
Under the ¢,0 K sysemwhere Y-axisistaken asthe
primary axis, tanK = by/ by, and from Eq. (14) we have

b _h- heXo
a7 b hs- hgyo
The vdue of bz can initidly take the postive vdue of
the square root. Compare K which is dready determined
withK' cdculated from by and b, correponding to postive
bsfrom Eg. (14). fK ! =K', by shoud take the negative
vdue of the square root , then by, by and W can be deter-
mined from Eq. (14) and Sn® = - by regectivdy.
Usng the knowledge that the row vectors of rotation

1+

, DK can be determined uniquely.

matrix are qrthonormd , we have

G a )] - ah
G =| a x| b =| ab - ahy (15
C ag alp - &

Aswe know ,
X a3 1

Nt = b - azbl'_albz__azblwmrebl

a3 a3

and b, have been determined dong with @, &/ az, and
a/ ag are dready determinedin Eq. (14) , © ¢cando be
determined uniquely.

The values of A determined from Egs. (8) , (9) and
(10) can be averaged to get the mean vdue, thenfrom Eq.
(6) and the definition of A , we have

hs = Xo - Xt(a1><5+ by Ys + &1 Z)

o (19)

Yo - Xf_(azxs'*' bZYs+ CZZS)
A = (aSXs"' b3 Ys + 0325)
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This linear equation can be easly lved to obtan the
intid vduesof X5, Ysand Z. Note, as shown in above,
rot dl the 9 dementsof rotation metrix are cacuated when
determine ¢, andK. S dementsof the rotation matrix
should be recdculated through ¢, andK to derive the ini-
tid vduesdf Xs, Ysand Zs.

2 Camera Calibration with Bundle Ad-
justment

Bunde adugment is the prodlem of refining a visud
recongdruction to produce jointly optimd 3D dructure and
viewing parameter (camera pose and/ or cdibration) edi-
mated ™. It is widdy used by photogrammetry and conr
puter vigon communities. Generdly , lens digortion islarger
in nor-metric cameras than in metric ones, © it mug be de-
termined in cdibration dong with the interior and exterior
parameters. Skew of the two image axes will be ignored in
the camera modd snceit isvery dose to zero in mog current
cameras. To takeaful cdibtation, the left part of collineari-
ty Eq. (2), should condder lens digortion:
Ax=(x- %) (Kr?+ Kr?

+ PP +2(x- x0)?

+2P2(x - x0) (y- Yo)
Ay =(y- yo) (Kar’ + Kpr¥)

+ PP +2(y - y0)?)

+2P(x- xo) (y- Yo)
where I'2 =(x- Xo)2 + (y- yo)z, Ki and K, are the
fird two ordersof radid digortion, P; and P, are decenter-
ing ddortion. Other didortion parameters such asprism ds
tortion are not congdered here snce they are dmog equd to
zero.

Linearie Eq. (2) and (17) with Taylor series, the er-
ror equationsfor cdi bration can be writtenas as

AXS+ YAYS ZSAL+%¢
Aw+axAK+ >gx+ \/A\H%ﬁxz

ﬁx ﬁx 0x
afAf +8fAf +a A xo

(17)

_ax
ayOA Yo

0x 0x
aPAP1+aPAP2- |

Azs+a(9d>

+'a¥Aoo+ﬁ‘yAK +a>AX+5\£ Y+a£kz

‘aafJAf +‘§%Af +‘aAXLOAx0+‘a‘yAy0

-aaéA Ki + -aa’LA Ko +

—aALA)(s_I_—aAL YS
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T K 0P
(18)
After theinitiad valuesof camera parametersare de-
termined, they can be refined with the forenamed bun-
dle adjustment. Due to the nonlinear characteristics of
the problem , iterations need to be performed. The cor-
regponding itemsof A X ,A Y andA Z can be removed if
the control points are congdered to be of no errors. The
gatus of norma equation is ill conditioned generdly,
parameters should be weighted properly to ensure the
gahility of caibration results.

3 Results of Experiments

3.1 Computer Simulations

Severd tests have been done with the proposed
technique. Firstly, in order to assess the influence of
noise leve , the proposed technique has been tested with
computer Smulated data. Five images of a planar scene
with 500 points are used. The pace points under world
coordinate sysstem are given artificialy. Gausdan noise
with 0 mean and ® standard deviation is added to the
projected image points. The estimated camera parame
ters are then compared with the true va ues.

The dmulated camera has the following property :
f =4 457.00, xo = 650. 00, yo = 515. 00, with image
reolution of 1 300 x 1 030. We can eadly get foca
length represented by millimeter given the physca sze
of image plane. Noise levels are varied fromd = 0.1
pixelstod =1.5 pixels. 100 indgpendent trias are per-
formed for each noise level. The results shownin Fig.1
are the root-mean-squares (RM Ss) of differences among
the estimated values and the true values. It isobviousin
Fig.1 that the errorsof foca length and principa point
increase quas-linearly aong with the increase of noise
level.

6.0r
501
40+
301
201
1.0

Calibration resuits / pixel

+f +x0 +y0

0.1 03 0.5 0 7 0. 9 1.1 1.3 1.5
Noise level / pixel

Fig.1 Calibration resultsvs. noise levels
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Snce the principd point is different from the image
center in most cases, another experiment istaken to test
the effectivity of the proposed principd point caculation
technique. Inthistest, xo variesfrom the image center
to no larger than 30 pixes, yoiscaculated from the e
quation of principa line obtained from the true va ues.
Noisesof & = 0. 3 pixels are added to the projected imr
age points of the five images used in the test. Camera
exterior parameters are decomposed ater 2D-DL T pa
rameters, principa point and foca length are deter-
mined , and then the estimated parametersof bundle ad-
justment are compared with the true values. 100 inde-
pendent trias are taken for each principa point deviar
tion from the image center. RMSs of these results are
shown in Fig.2. Itisobviousthat the errorsof estimat-
ed principd point do not increase dlong with the increase
of deviation and the errorsare al below 1 pixes, which
shows the efectivity of the proposed principa point cal-
culation technique.
1.00¢
095}
0.90
0.85},
0.80}

0.751
0.70

RUSs Resuits / pixel

--x, -k,
13 5 7 9 1113151719 2123 2527 29

Deviation / pixel

Fig.2 Resultsvs. principal point deviations

2-15 images are used for calibration to test the in-
fluence of image numbers. Projected image points are
a9 added by noiseof 0.5 pixels. 100 independent trias
are performed with each image number , and the egti-
mated va ues are compared with the true values. Results
are shown in Table 1.

Obvioudy, the errors decrease when more images are
used for calibration. The precison of estimated va ues
improves sgnificantly while images vary from 2 to 3.
To ensure the gtahility of cdibration result , 58 images
should be used in practice.

3.2 Real Data Experiment

The proposed technique is d < tested with rea im-
age data. Inthistest, theplanar grid (about 45 cm x 45
cm) rotates dong with a table which turns around its
vertical axis. 8 images are taken, one of them is shown
in Fg. 3, the croses are the matched grid points.
There are 900 desgned points in the planar grid, and
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the precidon of each desgned coordinate is about 0. 1
mm. Actudly, it isenough with aprecison of about 0.
5 mmfor the grid point. It isquite easy for mechanical
engineering researchers or industries to make such a
grid. Theimage reslution of the CCD camerato be cal-
ibrated is 1 300 pixelsx 1 030 pixels. Image grid points
are detected as the intersection of straight linesfitted to

each square with precison of higher than 0. 1 pixd.
Tablel RMSs o focal length and principal point

Images f Xo Yo
2 2.360 1.840 1.690
3 1.400 1.090 0.920
4 1.390 1.090 0.880
5 1.230 0.890 0.760
6 1.170 0.710 0.563
7 0.991 0.658 0.770
8 1.069 0.574 0.741
9 0.970 0. 496 0.651
10 0.967 0.554 0.715
11 0.900 0.568 0.620
12 0. 600 0.485 0.439
13 0.475 0.426 0.536
14 0.464 0.303 0.390
15 0.418 0.220 0.360

Fig.3 One of the images used for calibration

There are about 500 grid points visble in each im-
age. As we know , planar grid coordinates should be
taken as weighted-unknowns in the rigorous bundle ad-
justment in order to eiminate the influence of impreci-
gon of the desgned grid coordinates and to get more
precise camera parameters. The unit weight RMSof the
rigorous bundle adjustment is 0. 08 pixel. Vaues and
errorsof interior parameters are shown in Table 2.

It can be seen from Table 2 that the principal point
isvery close to the image center, and RMS errors are
below 0. 1 pixels. The agect ration is0.998 2, i.e.
the pixels are nearly square. The error of focd lengthis
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about 0. 2 pixels. As can be caculated from the values
in Table 2 and Eq. (17) , the maximum lens distortion
isabout 3 pixels. The deviations between detected im-
age points and projected ones with the cdibrated camera
parameters and grid coordinates are d 0 caculated. The
RMSsof the deviations are below 0. 10 pixelsfor dl the
8 images, equivaent to about 0.03 mmin the grid coor-
dinate system.

Table 2 Estimated result and precision with real image

Items fx fy Xo Yo
Egimated 4 426.135 4 418.137 652.120 514.730
RMS error 0. 201 0.228 0.080 0.081

Items Ki/10°° Ko/10°® Py10°7 P10 7
Eg';nare -7.4160 -4.5220 6.4890 6.6840

RMS 0.1162 0.1828 0.4654 0.1251

error

The proposed agorithm has been used in our defor-
mation ingection system of industrid sheetmeta parts
success ully.

4 Conclusions

In thispaper , we propose a new technique for cam-
era calibration. The proposed technique only requires
the camera to observe a planar pattern at afew (at least
two) different orientations. Either the camera or the
pattern can be moved fredly , and the motion need not be
known. Compared with classca techniques that use ex-
pensve equipment such as 3D cdlibration field , the pro-
posed technique isflexible condderably.

The proposed technique consss of two steps. In
the first step, initid vaues are decomposed from 2D-
DL T parameters. The initid vaues are refined in the
soond step with an iterative linear bundle adjustment
usng collinearity equations based on least- squares crite-
rion.

Both computer amulation and rea data have been
used to test the proposed technique, and very good re-
sults have been obtained , which verifies the feaghility of
the proposed planar- scene camera cdibration technique.
Appendix A: Proof of Ambiguities with
Single Image

Congder the rotation matrix composed of A,V K
where Z-axisis taken as the primary axid'! , tank =
c1/ ¢z, whereK isthe angle between the principd line
and y-axis. Subgtituting the correponding itemsof Eq.
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(15) intanK = cy/ ¢, resultsin
tank = & = By - a3y _ @l - byl by
Cc  agbp- athy b/ bs3- &l ag
(19)
Subdtituting the corregponding itemsof Eq. (14) in
the above equation resultsin

_ hghg- hshy
tank =~ hyhg - hyhy (20)
Eg. (13) can be represented in the form of aline yo =
h -
Axg+ C,whereAztamz-ﬁ%istmdoped

theline and 0 isthe ange between theline and x-axis. Obvi-
oudy tark =1/ tart which meansk =90° - O ,i.e. Eg. (13)
isactudly the equation of prinapd lire in imege. early ,as
long as the prindpd point locates on the prindpd line ,eech
grouwp of deconrpostion isvaid for the pergoective rdationship ,
i.e. the camera parameters can rot be decomposed uniqudy
from dnge image. Mathemeticaly , it isimposshle to cdibrate
a camera conpletdy from dnge image of a planar pattern
without any other informetion.
Appendix B: Proof of Critica Motion Se-
quences

Under the pinhole modd , projection rdationship be
tween image and planar pattern can be written ad®! :

X i(( X
y| = A(rp r2 r3t) = A(rp o Y| Y
1 0 1
1
(21)

where A iscdled the camera interior matrix, rq, rp and t
are thefirg two columnsof rotation matrix and the camera
trandation reectivdy. H= A(ry rp t) iscdled Homog
rgohy between the modd plane and the image. It isobvious
that Eq. (21) isactudly the equation of 2D-DL T when scde
siscancded out with the third row. S 2D-DL T parameters
are equivdent to homogrgphy metrix while 1 istaken asthe
ninth dement. Now we take the form of homogrgphy for
2D-DL T parameters, then two rotation mattix are rated by

o - 90
R, = Ry 90 09 (22)
0 0

where0 istheangleof the rdative rotation. We will use s
perscript®? and® to denote vectors rdlated to image 1 and
2, regectivdy. Subgtitute Eg. (22) into H= A(ry rp 1)
reudtsin

h£2) h}_l) hél)
2| = | K| o +| hP| 9P
h$2) hgl) h,g(gl)
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h® h® D
h? hYldB +| Y| o ()
W h® WD

Aswe know , the prindpd line in image can be repre-
entedin the form of yo = Axo + C, and the dope of this
line can be written asfollows

hyhg - h

hy hg - hshy
where a isthe ange between the prindpd lineand x-axisof
image.

Subgtitute correponding itemsof Eq. (23) in Eq. (24)
resutsin
NCINC RN INE)

= (h{P@® + K dM) (- K9 + h{’ o9)

- (- hPdd + nPod) (P 0 + hY b))

- h{l) hél) ) hél) hgl) (25)

We have h{? h{? - h? h® = hiP’ h§? - Y pi®
dmilarly. Qearly, two prindpd linesare mutudly pardld to
each other. Further more, C can be written asfollowsfrom
Eg. (13)

C=[(h hg- hahy) (hihy + hyhg)
+ (hahg - hshy) (hahy + hshe) ]/ (17 + )
(26)

From Eq. (23) wecanobtan ¢? = c® without dif-
ficuty. S it isobvious that two prindpd lines are actudly
overlgpped lines under image coord nate sysem, which ind-
caes that prindpd point can ot be obtaned
from thee orfigurations, namdy criticd motion

tart = - (24)
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$quences. In prectice, we only need to change the orientar

tion

of the camera or the modd plane from one sngpshot to

another to awid these degenerances.
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